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Abstract. One of the most important invariants in singularity theory is the 
Hodge spectrum. Calculating the Hodge spectrum is a difficult task and formulas 
exist for only a few cases. In this article the main result is the formula for reduced 
hyperplane arrangements in four variables. 

I. Introduction 

The spectrum Sp(f) of the germ of a hypersurface singularity / : (C n , 0) — > 
(C, 0) is a fractional Laurent polynomial 

s P (f) = Y, n f,«t a 

with nj ifl G Z which is defined from the Hodge filtration and the monodromy on 
the cohomology of the Milnor fiber of / (see Section [27TT) . 

The spectra of generic hyperplane arrangements are known for a 6 Z (see [12J- 
5.6). If the hyperplane arrangement germ is reduced with n = 2, it is easy to 
calculate. In pQ, the reduced hyperplane arrangement case with n = 3 is calculated 
and the case of n = 4 is partially calculated. Here we give a full formula for the 
n = 4 case. To our knowledge this is the first non-trivial case of a complete 
Hodge spectrum computation for a large class of hypersurface singularities with 
the dimension of singular locus bigger than 1 in which we cannot use the Thom- 
Sebastiani formula. 

We may assume / is central (i.e. / has only linear forms as factors) since the 
spectrum Sp(f) is defined locally. 

Theorem 1.1. Assume f is a reduced central hyperplane arrangement with d ir- 
reducible components in C 4 . Let my be the number of hyperplanes which pass 
through the edge V . Let S be the set of dense edges excepting the hyperplanes in 
the arrangement. Then we have the following formulas for i G {1, • • • , d}, 

n f ± = 7}o i((\im v /d\ - l)ves) and 

n fl+ ± = r)i t i((\im v /d\ - 1, [(d - i)m v /d\) v& s)- 
Similarly for i £ {0, • • • , d — 1}, 

n f A-i = Vo,i{(\j'' m v/d\)v&s) and 

J ' d 

n f3 _± =Vi 1 i[([im v /d\ i \{d-i)m v /d\ - l)ves)- 

•> ' d. 
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Otherwise n/ iQ = 0. Here the functions 770,1 and 771,1 for each i are defined as 



-E((-3)(T)-< 



wes< 3 > 



E E ( 2 (T -(«»■- 2) T)) + *m 



3 7 v 7 V 2 



and 



r)i,i(( u v,v v )ves) = {d-i - 1) r 1 J - ^ ^(^J 

U v vy(i-2) + (d-i-l-2v v )^X\ 



where the set S^ k ' is the set of the codimension k edges in S. The notations |_-J, 
and [•] mean the round down and the round up respectively. Also, 5 ,i = 1 ifO — i 
and otherwise. 

For the definitions of edge and dense edge see Section [3j In this theorem the 
formula for n t ± for % 6 {1 , • • • , d} had been proved in [1] . 

If / is not essential (i.e. / is a function of fewer variables for a possibly differ- 
ent choice of coordinates), we can apply the Thom-Sebastiani formula (see [TU]-II 
(8.10.6)) and recover the formulas for n = 3 and n = 2. 

Corollary 1.2. Assume f is a reduced central hyperplane arrangement with d irre- 
ducible components in C 3 . Let my be the number of hyperplanes which pass through 
the edge V . LetS be the set of codimension 2 dense edges of the arrangement. Then 
we have the following formulas for % e {1, • • • , d}: 



1 — 

n, i = I 



1\ _Y^f\im v /d-\-l\ 



rij 1+ i = (i — l)(d — i — 1) — 2_^(\imy/d~] — l)(my — \imy/d~\), and 

ves 

'd — % — 1\ f m v — \imy/d~] 



E 

v&s 



Otherwise nf a = 0. 
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This had been proved in pp. 

Corollary 1.3. Assume f is a reduced central hyperplane arrangement with d irre- 
ducible components in C 2 . Then we have the following formulas for i G {!,••• , d} 



Uj ± =i — 1 and l+L = d — i — 1 + 8^. 



Otherwise n^ a = 0. 



For the generic hyperplane arrangements with n = 4 case, we do not have codi- 
mension 2 and 3 dense edges. Thus, we get the following result. 

Corollary 1.4. Assume f is a generic hyperplane arrangement with d irreducible 
components in C 4 . Then we have the following formulas for i G {1, • • • , d} 



n f4={ 3 ) andn fl+Ld = (d-i-l)y g 
For i G {0, • • • , d — 1}, we have 

n /,4-i = y 3 J + $o,i and n f 3 _^ = (d - i - 1) y ^ 



Otherwise n^ a = 0. Here Sq^ = 1 if = i and otherwise. 

Consider decomposable cases (i.e. after possibly a different change of coordi- 
nates, / = fif 2 for non-constant f\ and f 2 , two polynomials in two disjoint sets of 
variables). According to [7]-Theorem 1.2, we know n^ a = except for a£Z when 
the degrees of f\ and f 2 are relative primes. Here we give formulas for a e Z in 4 
variables. 

Corollary 1.5. Assume f(xi,x 2 ,X3,x^) = fi(xi,x 2 ,x 3 )f 2 (x^) for non-constant 
fi and f 2 . Also assume f is a reduced central hyperplane arrangement with d 
irreducible components in C 4 . Then we have 

»«=(V)-E( m v 

v 7 vest 2 ) v 

£ (T 1 )' and 

n/^ = d — 1. 

Otherwise nj )0l = 0. 

Corollary 1.6. Assume f(xi,x 2 ,X3,x^) = fi(xi,x 2 )f 2 (x3,X4) for non-constant 
fi and f 2 . Also assume f is a reduced central hyperplane arrangement with d 
irreducible components in C 4 . Let s\ and s 2 be the degree of fi and f 2 respectively. 
If gcd(si, s 2 ) = 1 then we have the following formulas for i G {1, • ■ ■ , d}: 

n>f,i = (si - l)(s 2 - 1), n/,2 = 1 - s\s 2 , and n/ i3 = St + s 2 - 1. 
Otherwise = 0. 
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2. Spectrum 

2.1. Milnor fiber and Hodge spectrum. Let / : (C n ,0) — > (C, 0) be the germ 
of a non-zero holomorphic function. Then the Milnor fiber M/ ; o is defined as 

M/,0 = {z e C n \\z\ < e and f(z) = t} for < \t\ < e < 1. 

The cohomology groups H*(Mf, C) carry canonical mixed Hodge structures such 
that the semi-simple part T s of the monodromy acts as an automorphism of finite 
order of these mixed Hodge structures (see [TT]-12.1.3). The eigenvalues A of the 
monodromy action on H*(Mf,C) are roots of unity. We define the spectrum mul- 
tiplicity of / at a G Q to be 

n f,<* = ^(-ir n+1 dimGr^(M /i0 ,C) A 

with p = [n — a\ , A = exp(— 27ria), 

where (Mf iQ ,C)\ is the A-eigenspace of the reduced cohomology under T s and 
F is the Hodge filtration. It is known that nf j0t = for a (0, n) (see [2]). The 
Hodge spectrum of the germ / is the fractional Laurent polynomial 

Sp(f):=J2^t Q . 

2.2. Spectrum of homogeneous polynomials. Assume that / is homogeneous 
with degree d. Then we can consider the divisor Z C P n_1 =: Y defined by /. Let 
p : Y — > Y be an embedded resolution of Z inducing an isomorphism over Y\Z. 
We have a divisor Z := p*Z with normal crossing on Y. Set Z = Yljej m vEv 
where Ey are the irreducible components with multiplicity my. Let H be the total 
transform of general hyperplane H of Y. Then the eigenvalues of the monodromy 
are <i-th roots of unity (see [5]-4) and we have the following formula for spectrum 
multiplicity (see pQ-1.5). Note that the formula holds only on a G (0, n) by [2]. 

Proposition 2.1. For a = n — p — j G (0, n) with p G Z and i G [0, d — 1] D Z 

(1) n f>a = {-lf- n+ \ ( Y, ^(log Z) (g) O f ( -iH + l*rn v /d\ Ey 

where [-J is round down. 

Using Hirzebruch-Riemann-Roch, we can calculate n/, a - 
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Corollary 2.2. Let £ i;p := fi£ (log Z) (g) _ O y C-iH + J2 je A im v/ d \ E v) ■ Then 

(2) n /)Q = (-l) p - n+1 (c/i(^, p ) • ^(y)) n -i, 

where ch(£ i p ) is the Chern character of and td(Y) is the Todd class of the 
tangent bundle TY. 

Now we use the intersection theory to calculate ch(£i jP ) and td(TX). We will 
denote c(X) := c(TX), ch(X) := ch(TX), and td(X) := td(TX) for the tangent 
bundle TX of a variety X. 

2.3. Calculation from intersection theory. Let A := Q^(logZ) and Ui := 
£V (-*# + T. ] ej\ im v/d\E v y Then 

c/i(£ ijP ) = c/i(A p A) -chilli). 

Thus, we have 

(3) n f , a = (-l) p - n+ \ch(A p A) ■ chiUi) ■ td(Y)) n ^. 

Chen classes calculate Chern character and Todd classes. For a given vector bundle 

E of rank r, the following is well known (see [9]-3.2), 

(4) 

ch{E) = r+ Cl (E) + i ( Cl (E) 2 - 2c 2 (E)) + ^ ( Cl (E) 3 - 3 Cl (E)c 2 (E) + 3c 3 (E))+- ■ ■ , 
and 

(5) td(E) = 1 + l - Cl {E) + 1 ( Cl (E) 2 + c 2 (E)) + 1 ( Cl (E)c 2 (E)) + • • ■ . 

Hence, we need to calculate c(A p A) to get ch(A p A). It can be calculated from 
the following formula. Let A have rank r and write the Chern polynomial c t (A) = 
rii=i(l + x it) where Xi are formal symbols. Then we have 

c t (A p A)= Y[ (1 + (x h + ■ ■ ■ + x ip )t) . 

l<ii<---<i p <r 

We give an example of the case of rank 3 for our calculation: 

c(A°A) =1, 

c(A l A) =l + Cl (A)+c 2 (A) + c 3 (A), 

c(A 2 A) =1 + 2 Cl (A) + ( Cl (A) 2 + 02(A)) + {c x {A)c 2 {A) - c 3 {A)) , 
c(A 3 A) =l + Cl (A). 
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Applying @ we get: 
(6) 

ch{A°A) = 1, 

ch{^A) = 3 + c x {A) + i ( Cl (A) 2 - 2c 2 (A)) + i ( Cl (A) 3 - 3 Cl (A)c 2 (A) + 3c 3 (A)) , 

c/i(A 2 A) = 3 + 2c x {A) + ( Cl (A) 2 - c 2 {A)) + ^ (2 Cl (A) 3 - 3 Cl {A)c 2 (A) - 3c 3 {A)) , and 

ch(A 3 A) = 1 + ci(A) + l - Cl (A? + 

2 o 

We should calculate c(A) = c(f^(log Z)) . We have the following short exact 
sequence 

o ->- n\ c4(io g z) ->■ ->• o. 

jeJ 

This induces 

(7) c{n\{\ogZ))^c{Q\)\{c{Oy{E v )). 

jeJ 

Summarizing this section we should construct Y explicitly to calculate n/ jQ , in 
the homogeneous cases. 

3. Spectrum of Hyperplane arrangements 

Let D be a hyperplane arrangement defined by / : C n — > C with Di(l G A) the 
irreducible components of D. We say that D is central if all the D\ pass through the 
origin. D is essentialii C\iDi = {0}. Assume that D is central and essential. Hence, 
/ is homogeneous so that we can apply Corollary 12.21 We define the intersection 
lattice S(D) as 

S(D) = {n Ze/ A}/cA,/^- 

Each element in this set is called an edge. An edge is dense if the subarrangement 
of hyperplanes containing it is indecomposable (see the definition of decomposable 
in the introduction). For V E S(D), define 7<V) := codimc«V\ Let D nnc C D 
denote the complement of the subset consisting of normal crossing singularities. 
Set 

S(D) nnc = {V e S(D)\V C D nnc }. 

For S := S(D) nnc , let 

£(*) = {V e S\y{V) = k}. 

Notice that is the set of codimension k dense edges in the arrangement for 
k > 2. 
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3.1. Construction of F. We construct F using successive blow-ups (see [6]). Let 
F = F = P™ -1 . For a vector space V C X = C n , its corresponding subspace of 
Y will be denoted by F(V). For S = S(D) nnc , there is a sequence of blow-ups 
Pi : Y i+ i — i- Y; for < i < n — 2 whose center is the disjoint union of the proper 
transforms of P(V) for V G S with dimP(V) = i. Set F = F n _ 2 with p : F — > F 
the composition of the pi. This is the canonical log resolution of (P n_1 , Z) from 
[6]-4 where Z is the divisor defined by /. 

3.2. Cohomology of F. Let S := S(D) nnc . By [B] the cohomology ring of F is 
described as 



]ves/Is^H'(Y,Q) 

sending ey to [Ey] for V 7^ and eo to — [.5b], where ey are independent variables 
for V G 5 and So is the total transform of a general hyperplane which was denoted 
by H. Moreover, the ideal 1$ is generated by 

J eyeiy if V,W are incomparable, 

(9) ^ = \ ey g^)-^) iflFCV, 

where ew '■= YliWcw e w'- Here V, W, W E S U {C n } and ec« = 1. 
From now we use ey and e for [Ey] and —[£"0] m H'(Y, Q). 

3.3. Calculation of c(F). F was constructed by the successive blow-ups. By [1], 
we have a formula for the Chern class of F , c(F) = fives ^v, where 



(10) 



(1 + e v - e v )-^ v \l + e v ){l - e v )^ if V ± 0, 
'1 - e ) n if V = 0. 



3.4. Duality on F. Let {/ be a divisor on F. k := [Z7] can be written as u = 
u e + J2ves u vev e # 2 (F) where « ,«v G Z. Set F P {U) := fi^(logZ) ® Oy(U) 
and consider a function p p : H 2 {Y) — >■ Z defined by p p (m) := (— l) p ~ n+1 x(F, ^(U)) 
for each p G Z. By Proposition 12. 1[ n* _± = fi p (ie + ^2 VeS \imy/ d\ey) . Using 
Serre duality, we get the following property. 

Proposition 3.1. Assume f is a reduced hyperplane arrangement of degree d. 
Then we have the following for i G {0, • • • , d — 1} and p G {0, • • • , n — 1} 



n Lp+l _j_ = fi p {(d- i)e + ^(my - 1 - Limy/eZj)ey 

Proof. By Serre duality we have H^Y, F P (U)) = H^-^Y, J" n _ 1 _ p (-Z red - f/)) v 
using ^(logZ) = ^" 1 " p (logZ) v ®a; y ®C y (Z red )(see 0-6.8 (b)). Let z G # 2 (F) 
be the corresponding element to Z re d. From this duality 

(11) fj. p (u) = fX n -l-p(-Z ~U). 
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Let di(l G A) G H 2 (Y) be the corresponding element to the strict transform of 
an irreducible component D\ in the hyperplane arrangement D = \Ji e \Di. We have 
relations d t = - (e + XVcA 6y ) and z = Sves e v + E«eA d l- Tnus > 

z = ^2 e v + ^2 di 

VeS l€A \ VcDf 

= ^2 e v — Y< mvev + ) 

ves \ves J 

= y^(l - ^y)ey - de . 

Plugging into (llip we have 

H P (u e + 22 u v^v) = Hn-i- P ((d - u )e + ^(m y - 1 - u v )e v ). 
Vas ves 
This equality means 



nf, P +i-i = V(n-i^)-< = // P (d-i)eo + 5^( m ^ ~ 1 ~ [im v /d\)e v 



4. Proof of Theorem 11.11 



□ 



Recall that ey and e are the generators of H'(Y, Q). Let ay, 6vk and c denote 
the ey for V G 5^, e^y for G <S' 3 ) and eo respectively (see 13. 2f) . 

4.1. Calculation of H'(Y). According to Section |3^2| we have generators ay, by/ 
and c and the followings vanish in H'(Y, Q) by fl9]): 

ayay, (V ^ V), b w b w , (W W), a v b w (W t V), 

Cty(bw + c) (W C V), aye 2 , by/C, 

(a v + S2 b\v + c) 2 , (b w + c) 3 , and c 4 . 
wcv 

Hence, we have the following relations from the above: 
(12) a v ay, = b w b w , = b w c = a v b w = (V ^ V , W ^ W, W £ V), 
aybw = a v c 2 = ti^c = b w c 2 = a v b w c = 0, 



4 = 2(1- J2 A *' a 

\ wcv J 



yC — b^r — C 3 , C — 0, 
2 l _ „3 



a v b w = -a v c (W C V), and a 2 v b w = c (W C V) 
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„s+s 



(13) [ N v a v\ E N v a v) = E . 

v ye5< 2 ) / \yG5( 2 ) / vest 2 ) 



E E ^ = E N wN' w b% s \ 



and 



E ^< E ^ = E E 

V VG5< 2 ) / \vkg5( 3 > / ve<s( 2 ) wcv 

for any coefficients Ay, N v , N w , N!^ and any positive integers s and s'. These 
equalities are very useful for the calculations. 

4.2. Calculation of Chern classes. According to Section I3T31 we have 

3 N 



• n fa+«v)fc 



1 — c — XV c y — oy N 2 



Since c(F) = c((fi y ) v ), it is enough to change the signs of all the generators in 
the formula above for the calculation of c(f)~.) 



c(4) = (i + -) 4 II f( 1_ M (~^r~) 



3 N 



n a 



1 + c + Yswcv b w + av 



2 N 



v'siv V V 1 + c + E^ c y b w 

From equation (jlj), we have 

c(4(,o g z))=c(4) n^n r^nr 2 ^. 

where d;(Z G A) correspond to the strict transform of an irreducible component D\ of 
hyperplane arrangement D = U/ £ aA- Recall d% = — (c + ^py cD &w + ^ ycD[ ay). 
From this relation, 



10 



YOUNGHO YOON 



3 /1 , „ , V- u ,„\2 



<i4(iogz))=(i + c)' n f 1 ^ 21 ) n (i± c+ ^cv^+«v 



n r 



c + EwcA & w + J2vcD t a v 



Notice that the Chern classes above c(Y), c(fi^) and c(f2~.(logZ)) are calculated 
from the following factors: 



n d-«v), n d-M, (i+-) 4 . n (^r^) 

n f 1 + c + ^wcv b w + av \ 2 , i-r 1 

Li I i + c + E^^ J ' and 111-*" 



3 



vest 2 ) 



We calculate each factor using the relations ( 1121) : 

J] (l-avO = l+ £ (~a v ) 



J] (1-6*0 = 1 + J2 (~bw) 



'l + c) 4 = 1 + 4c + 6c 2 + 4c 3 , 



n (Ht7^) 3 = i+3 e v+3 e e 6 

Wes<?) v y WG5( 3 ) Tye5< 3 ) wes(V 



3 



TT A + c + Eww^ + M =1 + 2 V a 



+ (4-2(i- J2 fyvA + J2 a v> 

y G 5(2) V wcv J vg5<2) 
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and 
(14) 



nrVn T 

leA 1 i&A 



1 — E myav + E m^&vy + 

£ f( my 2 +1 )°- + f d+1 -^( m »' +1 )) 

vest 2 ) V ^ ' V vfcv / 



myayc 



L ( 2 ) v + 



c 2 



e w mv 3 +1 -r 2 +1 - e rv 2 + 



- £ £ ( 2 

y G 5(2) VKCV 



my + 1 \ / my + .. 

3 r mw \ 2 ))|c ' 



where my = y^y cDi 1 and mw = YIwcd 1- We nee d some work for ^LeA T^T ( see 
Section |43]). 

From these factors we give formulas for the Chern classes: 



c(fi^) = l+( ^ E 26^ + 4c + E (-a 2 v + 2a y c) + 6 



c 2 



+ ( E 2 + E 2+4 



e 3 . 



;(Y) = 1 - ( E av + E 26iy + 4c + E ("4 + 2g ^ c ) + 6c 

vgS(2) WG5( 3 ) / \VG5( 2 ) 



2 



E 2+ e 2 + 4 



c 3 , 
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and 

/ 



c{n\{\ogZ)) = i 



Tj (my — 2)ay + ^ (mvi/ — 3)&iy + (d — 4)c 



+ ( \ ( mV 2 ) a v + (™v-2) (d-3- J]K-2) ) a v c\ 



\^ fm w -2\ 2 
+ X, ( 2 J^+( 2 



„2 



ve.s( 2 ) v x 7 x 77 wcsw 



3 



^Vj-EE^V 1 )-^-)^" 1 )) 



c 3 . 



4.3. Calculation of YlieA r^T - We calculate rizeA^ - di) ano - t nen invert it. After 
fixing a total order on A, 

- di) = 1 + E( - ^) + X ^ + X (-didi'di")- 

leA l KV Kl'<l" 

Since we have the relation di = — (c + ^ WcD + SycA ° v ') ' we ^ ne follow- 
ing results (see Section S3H]for J2i<i> didy and Section l4.3.2l for J2i<i'<i"(~didydi»)): 

^2 didy = ^2 I ( 2 ) a v + ( I ( d - x ) _ E ( mH/ ~ ^ ) m ^ a ^ c ) ) 



yj ( - W ,„)=fE «7)-c-<7))- £ ( 

'H^W \ tr^ct9\ \ \ / \ / / triors'! \ 



Kl'<l" 



-e (e<T)-(--<7)' 



c 3 . 
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-didi'di") 



In terms of J2i(~ d i), Y,i<i> d i d i' and Y^i<v<i»{-didi<di»), 

E(-*)) -2 fee-*)) (e**')+ E ( 

/ / \ i / \Z<2' / KV<1" 

Using the equalities (1131) we get the previous result (tHJ). 
4.3.1. Calculation of J2i<i> didi> . 

} j did v = 2J I E a ^ + E ^ + c 2 + E ayc + E 0,1/0 

Z<Z' Z<Z' \VCD,,D 1 , WcD^D^ VcDi VcD v 

\ 



a,/- 



vcd, VCD ; / wcA wcrv 

Consider a term ay in 

E E 

KV VcDi 
W(ZD V 

The coefficient of a v is the number of ways of choosing two hyperplanes Di and 
Dy out of the hyperplanes containing V. Similarly for the fixed o 2 ^ and c 2 , their 
coefficients are the number of ways of choosing two hyperplanes D\ and Dy out of 
the hyperplanes containing W and respectively. Hence, we get 



E( E 4+ E »^ 2 )= E (7)4+ E (TH+f'V 

Consider a term ayc in 

E E a ^ c + E ayC 

Z<Z' \VCD ; ^C-D,, 

We have two possibilities. Both two hyperplanes D[ and Dy contain V or only one 
hyperplane D[ or Dy contains V. For the first possibility both terms 

2_j a vc and ayc 

survive. We get ( m /) such cases. For the other possibility only one term survives 
and we have my{d — my) such cases. Thus, we have 
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E ^2 a v c+ ^ a V° 
KV \VcDi VcD t i 



E > 

(d — \)myayc. 

ves< 2 ) 



+ my(d — m v ) I aye 



Consider a term cty&iy in 



/ 



E 



\ 



a v b w + ^ ay6 



Z<Z' VcDi 

\WCDy 



We have two possibilities. Both two hyperplanes Di and Dy contain V so that both 
contain W or only one hyperplane Di or Dy contains V but the other contains only 
W. For the first possibility both terms 



ay&iy and ^ ayfr^y 



wen,/ 



survive and we get such cases. For the other possibility only one term survives 
and we have my {my/ — my) such cases. Hence, we have 



22 E avbw + E avbw 

KV I VCD 1 VcD t , 

\WcDy WcDi / 



E E ( 2 ( 2^ + m v{ m w -m v )\ a v b w 



y £ 5(2) WCV 



E E ( m H/ - l)m v a v b w . 
y 6 S(2) vycv 



The other terms &vy c f° r an Y vanish by our relation f[T2j) . Therefore, we get 
the equation 



5>*= E f(T)^ + f (d_1) " E^- 1 )) 

z<Z' yes< 2 ) \A ' V ifcv / 



+ E fTk + f'V- 



SPECTRUM OF HYPERPLANE ARRANGEMENTS IN FOUR VARIABLES 15 

4.3.2. Calculation ofJ2i<i><i"(.~ didi'di") ■ After cutting out vanishing terms, we get 
the following equality 



{-did v d v ,) = Y \ a v+ Yl b w + c3 

Kl'<l" Kl'<l" \ycDi,D l ,,D l „ WcD u D l ,,D l „ 

+ Y a v c + Y a v c + Y a y c 

VcD h D v V<ZD U D VI V(ZD l ,,D l „ 

\ 



+ Y a v bw + Y a v bw + Y a v bw 

V<ZDi,D v V<ZDi,D l „ VCLD l ,,D l i, 

WdD l „ W<ZD V WcD t J 



Consider a term a\ in 



E E 

Kl'<l" V<ZDi,D l ,,D l „ 



a\. 



The coefficient of a v is the number of ways of choosing three hyperplanes A, A' 
and A" out of the hyperplanes containing V. Similarly for the fixed and c 3 , 
their coefficients are the number of ways of choosing two hyperplanes A) A' and 
A" out of the hyperplanes containing W and respectively. Thus, we get 



E E E ^-+ c3 

Kl'<l" \VC-D ; ,£V,£V' WC_D U D V ,D VI 

= E (7k + e (7>+f rf V 



Consider a term a v c in 



a v c+ a v c + a v c 

Kl'<l" \vcD l ,D ll VcDiyD^i VQD l ,,D l „ 

We have two possibilities. All three hyperplanes A, A' and A" contain V or only 
two hyperplanes contain V. For the first possibility all three terms 

a v c, a v c and a v c 

VcD h D[, V<zDi,D V i VcDf^Df,, 

survive. We get such cases. For the other possibility only one term survives 
and we have ( m 2 v )(<i — %) such cases. Thus, we have 



16 



YOUNGHO YOON 



a v c+ a V C + a 

KV<1" \VCA,A' VcD^Dy, V(ZD l ,,D l „ 



E « 



my 



my 



Consider a term a v bw in 



/ 



E 

Kl'<l" 



\ 



dyb w + 



/ "yiny i- a V u W -r U V U W 

V<ZD U D V V<Z.D U D X „ VcD ; ,,D ; „ 

\ WC»,„ WcD t , WCD 1 / 



We have two possibilities. All three hyperplanes D h D v and D v < contain V so that 
they contain W or only two hyperplanes contain V but the other contains only W. 
For the first possibility all three terms 



a v bw, ^ dybw, and ^ a y 6 



ycD i5 D ; , 



V<ZD U D V , 
Wclty 



survive and we get ("^) such cases. For the other possibility only one term survives 
and we have ( m 2 v )(m H / — my) such cases. Thus, we have 



/ 



E 

Kl'Kl" 



\ 



, VcD^D,, 
\ WQD V , 

- E E(3 

y G 5( 2 ) WCV 



W<ZD V 



m v 



V<ZD 1 ,,D 1 , I 
WcDi 



I 



m v 



. + I "J (m w - my) ) a y 6vy 



(m^y -2)( ™ V W&ty. 



ye5( 2 ) wcv 
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Using our relation (EE2J), we get 

ew,h(e «7)-< d - 2 >(7))- E (TXa 
-e(e<7)-<-- 2 >(7))V- 

y G 5< 2 ) \WCV v 7 ' 



4.4. Calculation of Chern character for line bundle. Let U be a divisor on E. 
Then its class u := [77] can be written as u = XVe,s( 2 ) u v a v + J2wes( [i '> u wbw + M o c - 
Since c(0 y ([/)) = 1 + u we have 



ch(Oy(U)) = 1 + 2J Myay + 2J u w b w + u c 

+ 2 I ( + 2My ( M ° ~ S M ^ ) flyC ) + M VF & W/ + M c2 J 

\yes( 2 ) V V wcv / / wesw / 

\V£SW V WCV J WeSiV 



by formula (j3J). Here we used (TI31) to simplify the calculation. 



4.5. Calculation of n f>a . Let fi p (u) = (-iy- n+1 (ch(n Y (\ogZ))-ch(U)-td(Y)) n ^ 
as before (see Section l3T4"j) . We have calculated ch(O y (U)) in Section FOl We will 
calculate £<i(E), c/i(f2^(log Z)), and /x p (tt) for each p 6 {0,1,2,3}. Using ( TT3|) is 
crucial for the simplicity of calculation. 

From Section 14.21 and formula (03) we calculate 



/ 



td(Y) = 1 



-Ey-E ^'-^ 

\ ves< 2 ) west 3 ) 



^ I 6 ^36 

ve<s( 2 ) \ we5( 3 ) 
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We can also calculate ch (f^. (log Z)) for p = 0,1,2, 3 from Section H~2l and for- 
mulas (El): 



ch(nU\o g z)) = ch(Oy) = i, 



ch{Sl\{\ogZ)) = 3- (rn v -2)a v + ^ {m w - 3)b w + {d - 4)i 

\ves( 2 ) west 3 ) 

~5 E ( m v-2) l(4 + 2a y c)-2 ^ a y c) + (m w - 3)6^ + (d - 4) 

\ves( 2 > V wcv J wesW 

+ l\ E K- 2 ) f 1 - E 1 + E (mwr - 3) - (d - 4) c 3 , 

\ves(2) V wcv / wes&) / 

ch{n\{\ogZ)) = 3-2 I ^(my-2)ay+ ^ (m^ - 3) V + ((i - 4)( 

+ ( E l( mV ' 2 -2 )4 + (^-2) I (d-5)- ^(m w -4))a yC ) 
\ VeS( 2 ) V ^ ' \ WcV J J 



E( mw — 3\ l9 / d — 4 
9 K + 



,2 



E ( m v-2) ((3d -11)- ^(3m w -8)} 

\y G 5(2) V wcv J 

+ ( 3m w ~ 8)(m w - 3) - (3d - ll)(d - 4) c 3 , and 



c/i(fi|(logZ)) = l- [ (m y -2)a y + ^ (m w - 3)6 W + (d - 4)( 



+ ~ I E ((m v -2)o^ + 2((d-4)- 

\ve5( 2 ) V V wcv / 

+ E (™w - 3)^ + (d - 4) V 



aye 



wesw 



+ l\ E ~ 2 ) 2 ( ( 3rf ~ 2m ^ ~ 8 ) + E ( 2m ^ ~ 3mw + 5 ) 

\ves( 2 ) V wcv , 



+ ^ ( mw/ _ 3 ) 3 -(d-4) 

WG5(3) 



3 1 c 3 . 
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To calculate fi p (u), we multiply ch(Oy(U)) in Section[OJ td(Y), and ch (O^ (log Z)) 
above. The result is the following, and again, here we used ([TBI to simplify calcu- 
lation: 



A*o(«) 



Hi(u) = (d — uq 



e(t)-e((--3)(t)-< 

EE >(?))■ 

1 )( M ° 2 j ~ K-^- 1 )^) 



^ - My - l)(u — 2) + (d— W - 1 — 2(my - My - 1)) 



ve<s( 2 ) 



Uy 



+ ~uv ~ l)(u w -u v ) + (m w -u w - 1)1 U *J j 

V 2 J" S »w{ 2 J 



y £ 5(2) WcV 

u 2 (m) = (u - 1) 



- ^ Um v -u v -l)u v (d-Uo-2) + (uo-l-2u v )( mV ^ V J J 
ye<s( 2 ) ^ \ - J J 

+ ^ ^ ^ (my — My — l)uv((m W — Uw — 1) — ("^y — Uy — 1)) 



y Sl S(2) WcV 

/my-My-l\\ 

+% ( 2 J I , and 

d — u — 1\ \ ^ / mjy — Uw — 1 
3 J ^ \ 3 



£ ((d-n -3)( m ^: i/ - 1 V2 K_?1 ^ 1 



2 / V 3 

my — Uy — l\ . (my— Uy — 1 

I - (m w - «w - 3) I 2 



y e5 (2) iycF 

By the formula (j3J), n/,« = u p ((ic + J2wesW [im v /d\b w + J2vesW [im v /d\a v )) 
with a = 4 — p — 2 £ (0, 4). This proves Theorem ll.il 

□ 

Remark 4.1. Here we calculated all the \x v without using Proposition 13. II We can 
and did use Proposition 13.11 to double-check the formulas for « p . In other words, 
we can get the formulas for n f A _± and n f „_i_ from the formulas for n f ,_± and 
rij 2 _i respectively and vice versa. Also, all computations were double-checked by 
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computer. The implementation of the symbolic computation is possible because of 
the relations (|T3|) . 

5. Proof of Corollaries 

We need the Thorn- Sebastiani formula for the Corollaries 11.21 and 11.31 Hyper- 
plane arrangements have non-isolated singularities but the formula still holds in 
our case (see [T0]-II (8.10.6)). Here we state a special case. 

Lemma 5.1. Assume that f : (C n , 0) — > (C, 0) can be written as f(xi, ■ ■ ■ ,x n ) = 
g(x!,--- ,x m ) forg: (C"\ 0) -> (C, 0). Then Sp(f) = {~t) n - m Sp{g). 

5.1. Proof of Corollary 11.21 Consider f(x%, X2, £3) with degree d in C 3 . Let 
f(xi, x 2 , x 3 ) = g(xi,X2,x 3 ,X4). We will calculate Sp(g). The hyperplane arrange- 
ment g has only one codimension 3 dense edge W = {x\ = x 2 = £3 = 0}. Moreover 
the multiplicity m w is d. Thus, \imw/d~\ — 1 = i — 1, \_(d — %)m^jd\ = d — i, 
[imw/d\ = i, and \(d — i)m w /d] — 1 — d — i — 1. Using Theorem 11.11 we get for 
i e {!,-■■ ,d}: 

(15) n /)4 =0, 

\ / y e<S (2) \ / 

n^ 2+ i = —{i — l){d — i — \) + (\im v /d~\ — l)(my — \im v /d]), and 

vest 2 ) 

^ ' ve<s< 2 ) ^ ' 

Otherwise n^ a = 0. 

The set S {2) has one-to-one correspondence to the set S of codimension 2 dense 
edges of /. This proves the Corollary II. 21 by Lemma [5.11 

□ 

5.2. Proof of Corollary ll.3l Consider f(x\, x 2 ) with degree d in C 2 . Let /(xi, £2) = 
h(x\, x 2 , X3, X4). We will calculate Sp{h). The hyperplane arrangement g has no 
codimension 3 dense edge and only one codimension 2 dense edge V = {x\ = 
x 2 = 0}. Moreover the multiplicity my is d. Thus \iniy/d~\ — 1 = i — 1, 
[(d — i)m v /d\ = d — i, [im v /d\ = i, and \(d — i)my jd~\ — \ — d — i — \. Using 
Theorem ll.il we get for i 6 {1, • • • , d}: 

n, ± =0, 

■I'd 

rif 2 +± = i — 1, and 

«/, 3+ i = d — i — 1 + 
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Otherwise n/ iQ = 0. 

This proves Corollary 11.31 by Lemma [5.11 

□ 

5.3. Proof of Corollary 11.51 Notice that ^{xa) = ^4 and is the set of codi- 
mension 2 dense edges of subarrangement fi(x\, X2,x%) in C 4 . Each element in 
is Woo ■= n yg5 (2) V or W v := V D {x 4 = 0} for V G S (2) . Hence, m Wca = d - 1 and 
m^v = m v + 1. 

First we calculate n^ a for a G (0,2]. For the fixed i we have two cases, 
\imw v /d~\ = \im v /d] or \imw v /d~\ = \imy/d] + 1. For the first case, 

uw v = \imw v /d] — 1 = \im v /d] — 1 = uy 

and 

vw v = [(d — i)m Wv /d\ = [(d — i)m v /d\ + 1 = Vy + 1. 
For the second case, 

Uw v = \imw v /d] — 1 = |~zmy /d] = My + 1 

and 

vw v = l(d — i)m Wv /d\ = [(d — i)m v /d\ =vy. 

Set 

Sf = {Ve S®\\im Wv /d\ = \im v /d]}, <S<j 3) = {W v G <S (3) |V G <S<j 2) }, 

S[ 2) = {V e S {2) \ \im Wv /d] = \im v /d] + 1} and <sj 3) = {Wy G <S (3) |F G <Sj 2) }. 
Thus, = and = U<S{ 3) |_|{Woo}- Using these notations, 

VeSW y G <S< 2) VGS[ 2) 

WG5(3) yes (2) yes (2) 

and 

5^ ft,3( ii V) ,; v f )%i%) 

= (fe(«V,%,«V,% + 1) + P2,3(uV,Vv,U Woo ,V Woo )) 

+ ^2 (^A U V,V V ,U V ,Vy) + I3 2 ,3(U V + l,V Vl U Woo ,V Woa )) , 
VGS[ 2) 

for any functions /3 2 , /3 3 , and /3 2 ,3- 
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Applying these to Theorem ll.il we get, 

n fMd=y 3 J - + ( Uw °° + ) and 

^ 7 ^ 7 vest 2 ) 
n/,i-H/d = ( rf - * - !) (' 2 1 ) - 



+ ( "WvCttWoo _ u v - i + 2) + {v Wac + 2v v - d + i + l)f U ^ j j . 

If % = {1, • • • ,d — 1}, then = — l)/d] — 1 = i — 1 and % B = [(d 
i){d-l)/d\ =d-i-l. We get 

= and nf t i+i/ d = 0. 

If 2 = d, then «y = my — 1, Vy — 0, w^oo = d — 2 and t> ^ = 0. We get 

(d-2\ ^ fm v -l\ 
n/4 = ( 2 ) - L ( 2 J and 

/d — 1\ x (my — 1 
n /> 2 = - 9 +2^ 



2 7 ^ V 2 

To calculate n/ jQ , for a G (2,4] fix i. We have two cases, \imw v /d\ = [imy/d\ 
or [im Wv /d\ = [im v /d\ + 1. 
For the first case, 

u w v = [imw v /d\ = [im v /d\ = uy 

and 

v Wv = \(d - i)m Wv /d] = \(d - i)m v /d] + 1 = v v + 1. 
For the second case, 

u w v — \} m w v /d\ = [im v /d\ + 1 = u v + 1 

and 

Vw v = \{d — i)m Wv /d~\ = \(d — i)m v /d] =vy. 

Set 

Sf = {Ve S (y) \[im Wv /d\ = [im v /d\}, = {W v G S {3) \V G S®}, 
S[ 3) = {W G S {3) \ [im Wv /d\ = [im v /d\ + 1} and <S{ 3) = {W v G S {3) \V G <Sf } }. 
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Thus, = |JS?\ and = \JS[ 3) LKWoJ. 
Calculating as the case of a G (0, 2], we get 

+ ( M ^oo - * + 1) ( U ^ J + &o,i an d 

n/, 3 -i/d = (d - i - 1) T 2 ^ - ^Woo ( M 2°°) 

+ 2J ( u v v v(u Waa - u v - i + 2) + (fv^oo + 2v v — d + i + 1) 

If i — {1, • • ■ , d— 1}, then u Woo = Iot^M! = and = f"(^ — *) m Woc/dl - 
1 = d — i — 1. We get 

nf,3-i/d = and n/ )4 -i/d = 0. 

If i = 0, then = [way/d] = 0, Vy — \(d — i)m v /d] — 1 = m v — 1, uw^ = 
\im Woo /d\ = and v Woo = \(d - i)m Woo /d] —l = d — 2. We get 

^/,3 = d — 1 and = 0. 

This proves Corah 1 ary 11.51 

□ 



nw*=l 3 )-( 3 J 




5.4. Proof of Corollary 11.61 In the case that si < 2 and s 2 < 2, we can apply 
Corollary II .41 and get the result of Corollary II. 61 We may assume s± > 2. If s 2 = 1, 
we use the formula (fl5|) with = {V = {x\ = x 2 = 0}} and s± = my = d — 1. 
This proves Corollary 11.61 for this case. If s 2 = 2, we can apply Corollary 11.51 
since / 2 can be written as X3X4 after a suitable change of coordinates. In this case 
5(2) = \y = {xi = x 2 = 0}} and Si = m v = d — 2. The result satisfies Corollary 
11.61 Thus, we assume that si > 2 and s 2 > 2. We have only two dense edges in 

5 (2) 

Vi = {xi = x 2 = 0} and V 2 = {x 3 = x 4 = 0}. 

Their multiplicity my 1 and my 2 are s\ and s 2 respectively. The set is a dis- 
joint union of two sets S[ 3 ^ and <S 2 , where <s£ = {W G 5 < - 3 - ) |iy C Vk} for each 

(3) (3) 

k = 1,2. The number of elements in S[ is s 2 and each Wi G 5) has multiplicity 
= s\ + 1. The number of elements in <S 2 is «i and each W 2 G <S 2 has 
multiplicity = s 2 + 1. 

First we calculate for a G (0,2]. We have two cases \im Wk /d~\ = \im Vk /d~\ 
or \im-w k /d~\ = \imy k /d~\ + 1 for each k = 1,2. For the first case \imw k /d~\ — 1 = 
\imv k /d~\—l and [(d— i)mw k /d\ = [(d— i)m Vk /d\ +1 because m Wl = s 1; = si, 
m m — s i + lj m VK 2 = s 2 + 1 and Si + s 2 = d. Similarly for the second case, 
\imw k /d] — 1 = \im Vk /d] and [(d — i)mw k /d\ = [(d — i)my k /d\ . 
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Considering each = 1,2 we have the following 4 cases: 

\im Wl /d~\ = \im Vl /d~\ \im W2 /d~\ = \im V2 /d] 

or \im Wl /of] = \im Vl / d\ \im W2 /d] — \im V2 /d] + 1 

or \im Wl /d\ — \im Vl /d\ + 1 [im^ /^l = f^y 2 / d] 

or [im^/d] = \im Vl /d\ + 1 [imvi/ 2 /(i] = \im V2 /d] + 1. 

We calculate n f ± and 7i n , i for each case with m Wl = s 1 , m\y 1 = s 1 , m Wl = 
si + 1, mw 2 = $2 + 1 and si + s 2 = d. In any case above we get the same result 

n f i = - \{\isi/d\ + \is 2 /d] - - 6) + (i + 1) (\isjd] + \is 2 /d}) 

- 2 (fai/^ 2 - \isjd] \is 2 /d] + \ts 2 /d] 2 )) + 5 0yt 

and 

1 

"3 2 

- (i - 2) (si + s 2 ) + (Rsi/rf] - r^ 2 /c?]) (si - s 2 ) 

- 2 (fai/df - risi/rfl \is 2 /d] + \ts 2 /d] 2 )) . 

If gcd(s\, s 2 ) = 1 and i G {1, • • • , d— 1}, then the common factor \is\/d\ + |~is 2 /cf| — 
i — lofn f » and 1+± vanishes because ris 2 /cf| = fi(<i — Si)/<i1 —%— \is\ld\ and 
gcd(si,d) = 1. Hence, we have 

7i/i=0 and 71/u.i = 0. 

If gcd(si, s 2 ) = 1 and i = d, then we get 

= (si - l)(s 2 - 1) and n /j2 = 1 - SiS 2 . 

Similarly, we calculate n^ 3 _± and rif 4 _± for fixed 2 but all these give the same 
result 



ri/,1+1 = - ( f*«i/^l + \is 2 /d\ -i-l) ((i 2 - 3i - 2) + (i + + [is 2 /rf]) 



1 

-77 6 

- 2 (L^i/rfJ 2 - Lisi/dJ L**2/dJ + l*s 2 /d\ 2 )) + S , 



n fA _i = ~([isi/d\ + [is 2 /d\ - i + 1) ((i - 2)(i - 3) + (i - 1) ([isi/dj + |is 2 / d J) 



and 



% 3 _, = - (L«si/dJ + [is 2 /d\ - i + 1) ((i - 2) (i + 1 - (si + s 2 )) 

+ (si - s 2 ) (L^i/rfJ - [is 2 /d\) + 1) (Lisi/dJ + LW^J) 
-2 (L^i/rfJ 2 - Lisi/dJ |is 2 /d] + L*s 2 /rfJ 2 )) . 
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If gcd(si, S2) = 1 and i G {1, • • • , d— 1}, then the common factor [is±/d\ + \is2/d\ — 
% + 1 = L^ s i/^J — fzsi/cf] + 1 of n f ) 3-± an d n /,4-i vanishes. Therefore, we have 

n n i = and n fA _i = 0. 
If gcd(si, s 2 ) = 1 and i — 0, then we get 

n f,3 = si + s 2 — 1 and n/ t 4 = 0. 
This proves Corollary 11.61 

□ 
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